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Abstract 
The engineering application requires the solver of periodic unsteady flows to be of high efficiency and precision. Based on the 
developing Frequency-Domain methods, a fully implicit version of the Time Spectral Method (TSM) is established, the stability 
problem that occurs as the sampling number grows is improved. The TSM is extended to SST turbulence model, which improves 
the numerical accuracy and the ability of simulating complex flows. The periodic unsteady flows over a forced oscillating 
NACA0015 and Hypersonic Ballistic Shape (HBS) are numerically simulated. The computational results agree well with the 
experiment data at subsonic and hypersonic regime, validating the application of the TSM solver. Influences of the angle of 
attack and Ma on dynamic derivatives of the HBS are analyzed. Comparing with the Dual-Time-Step (DTS) method, the relative 
efficiency of the TSM improves as the Ma number increases. The TSM provides an order of magnitude improvement in 
computational efficiency over DTS without loss of generality at hypersonic speed regime. 
© 2014 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of Chinese Society of Aeronautics and Astronautics (CSAA).  
Keywords: time spectral method; periodic unsteady; forced oscillation; Fourier transformation; dynamic derivative 
1. Introduction 
The dynamic derivatives are the mainly input parameters of the stability assessment. During the design process of 
an aircraft, it is compulsory to assess its stability. The main stability issue is the pitching stability. In others words, if 
the angle of attack (AoA) of the aircraft increases, it should naturally return to its initial AoA instead of pitching up 
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to stall angle. The computation of dynamic derivatives requires to simulate the fluid response to prescribed harmonic 
motions of the structure. Such periodic unsteady flows are not simulated with enough efficiency when using the 
classical Dual-Time-Step (DTS) method. The Time Spectral Method (TSM) [1,2], also called the Harmonic Balance 
Technique (HBT) [3,4], can be considered as an alternative method. 
However, the previous research is more concentrated in transonic range, the applications of the TSM in subsonic 
and supersonic range need quantitative research. And the convergence problem occurs when using the TSM with 
large sampling numbers. A fully implicit scheme is established to improve the numerical stability. The Menter 
Shear-Stress Transport turbulence model is discretized with the TSM for the first time, which makes the TSM to be 
more applicable to practical engineering problems. To meet the needs of engineer application, parallel computation 
is implemented using the most popular framework MPI (message passing interface). 
2. Numerical Method 
2.1. Time Spectral Method 
The N sampling points are taken in a cycle, the semi discrete form of N-S equations of the sampling numbers is 
given below, 
                                                                  (1) 
where W is the vector of conservative variables, R is the vector of residuals. The inviscid flux is computed with the 
Roe scheme,  while the viscous flux is computed with the central difference scheme. The Matrix  expresses: 
   (N is odd)                                 (2) 
   (N is even)                                (3) 
A pseudo temporal term can be added to (1), one of the equations is written as follows, 
                                                                  (4) 
The fully implicit form of (4) can be written as follows, 
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   and              (5) 
The fully implicit scheme means that the non-diagonal term of matrix A is no longer 0.The above equation  can 
be solved with the iteration of Symmetric-Gauss-Seidel.
 
2.2. Tubulence model 
The Menter k-ω SST turbulence model is used here for its simplicity and applicability, 
                                                                  ˄6˅ 
           ˄7˅ 
The constant coefficient and specific function please refer to [6]. The temporal term of Menter turbulence model 
is also discretized with the TSM. 
3. Numerical Results and Discussion 
3.1. The oscillation of NACA0015 airfoil in subsonic region 
The computational conditions are given in Table 1. The computational grid is as shown in Fig.1, the spacing of 
first layer grid of the wall surface 1 × 10-5c, where c is the chord of  NACA0015, c= 0.3048m. 
Table 1. Computational condition of NACA0015 
Ma α0(deg) αm(deg) f Re(106) xcg  
0.29 4.0e 4.2e 10 1.95 0.25c 0.0971 
                                
Fig. 1. Computational grid of NACA0015                             Fig. 2. Drag hysteresis of different sampling numbers 
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Fig.2 shows the drag hysteresis of different sampling numbers of the TSM. As can be seen, when N=5, the drag 
hysteresis curve converges. The computational results of the TSM of one period are discrete, the continuous solution 
can be obtained by Fourier transformation (8) and inverse Fourier transformation (9). Fig.3-Fig.5 are the hysteretic 
loops of lift coefficient, drag coefficient and moment coefficient, respectively. The comparison of the TSM and the 
dual-time-step method shows that they are the same order of accuracy. The agreement between the simulations and 
the experimental data is very good. 
                                                                (8) 
                                                                 (9) 
      
Fig. 3.  Hysteretic loop of lift coefficient                   Fig. 4. Hysteretic loop of drag coefficient 
                                
           Fig. 5 .Hysteretic loop of moment coefficient                                Fig. 6.  Configuration of HBS 
3.2. The dynamic derivative  of HBS     
The computational conditions are given in Table 2. The configuration and computational grid of HBS is as shown in 
Fig.6 and Fig.7. 
Table 2. Computational conditions of HBS 
Ma α0(deg) f αm(deg) Red(106) xcg  
6.85 0°-16° 60 1.0e 0.72 3.24d 0.0203 
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Fig. 7.  Computational gird                               Fig. 8.  Dynamic derivatives of different angles of attack 
Fig. 8 shows the pitching dynamic derivative of different attack angle, the computational results of the TSM are 
in good agreement with the experimental values and the dual-time-step method. Fig.9 shows the pitching dynamic 
derivative of different Ma, the pitching dynamic derivative shows classic progressive characteristic along with the 
increase of Ma. 
                         
       Fig. 9. Dynamic derivatives of different angles of attack               Fig. 10. The ratio of computation quantities at different Ma 
Fig.10 shows the ratio of computation quantities (dual-time-step method .vs. TSM) at different Ma, the relative 
efficiency of the TSM improves as the Ma number increases. The TSM provides an order of magnitude 
improvement in computational efficiency over DTS without loss of generality at hypersonic speed regime. 
4. Summery 
The TSM is used to calculate the period unsteady flows here. A fully implicit version of the TSM has been 
presented, which solves the stability problem that occurs as the sampling number grows. The TSM is extended to 
SST turbulence model, which improves the numerical accuracy and the ability of simulating complex flow. The 
method  is validated for  the simulation of  a forced oscillation of the NACA0015 and  the HBS through the subsonic 
and  supersonic regime.  The agreement between the simulations and the experimental data is very good. The TSM 
provides nearly an order of magnitude improvement in computational efficiency over the dual-time-step method. 
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